Abstract. A well known theorem of R. L. Moore states that the plane does not contain an uncountable family of pairwise disjoint triods. In 1974, Ingram demonstrated that the same is not true for non-chainable tree-like continua. The continua in Ingram's family are not pairwise homeomorphic, making the example less applicable to the study of homogeneous continua in the plane. In this paper, we construct a non-chainable tree-like continuum X such that the product of X with the Cantor set can be embedded in the plane.
Introduction
By a continuum, we mean a compact connected metric space. A triod is a continuum T having a subcontinuum Z such that T Z can be written as the union of three disjoint non-empty open sets. A continuum is tree-like if it is an inverse limit of trees, and chainable (or arc-like) if it is an inverse limit of arcs.
R. L. Moore proved in 1928 [9] that the plane does not contain an uncountable family of pairwise disjoint triods. This has come to be a well-known and fundamental theorem with a wide variety of applications in topology and analysis in the plane.
If one considers only families of mutually homeomorphic compact spaces, stronger results are available. In particular, van Douwen [15] proved that if X is any compactum and C is the Cantor set, then either X × C can be embedded in the plane, or there is no uncountable family of pairwise disjoint copies of X in the plane (see [13] for a sharper dichotomy).
If X is a triod, then X fails the first alternative of van Douwen's theorem in a strong sense: if S is any infinite compact space, then X × S cannot be embedded in the plane. In light of this observation, one may wonder what degree of tree "shape" X must possess for a similar result to hold. Along these lines, Fugate asked (see [1, Problem 107] ) whether X × S can be embedded in the plane if X is a continuum which is neither chainable nor circle-like, and S is the convergent sequence {0} ∪ { 1 n : n = 1, 2, . . .}. In 1974, Ingram [5] (see also [6] ) produced an example of an uncountable family of pairwise disjoint tree-like non-chainable continua in the plane, thus demonstrating that Moore's theorem cannot be generalized to non-chainable tree-like continua. However, the continua in Ingram's collection are not mutually homeomorphic.
The topic of uncountable families of copies of a continuum in the plane has connections with the classical problem of classifying all homogeneous continua in the plane, which was first raised by Knaster & Kuratowski [8] . By results of Jones [7] , Hagopian [3] , and Oversteegen & Tymchatyn [11] and [12] , if there is a nondegenerate homogeneous plane continuum other than the circle, the pseudo-arc, and the circle of pseudo-arcs, then there would be one, M , which is hereditarily indecomposable, tree-like (in fact span zero), and which has a non-chainable proper subcontinuum X. Using autohomeomorphisms of M , one could then obtain a copy of X in each composant of M ; since M is indecomposable, it has uncountably many composants, and they are pairwise disjoint.
Moreover, such a space M (like any locally compact homogeneous Polish space) satisfies the so-called Effros property (see [2] and [14] ): for any point x ∈ M and any ε > 0, there is a δ > 0 such that for any y ∈ M within distance δ of x, there is a ϵ-homeomorphism h : M → M such that h(x) = y. Using this, one can obtain copies of X in M which can be mapped to X by arbitrarily small autohomeomorphisms of M . Thus, in particular, such a space M would immediately provide a counterexample to Fugate's question.
Recently, the author constructed an example of a non-chainable continuum in the plane with span zero [4] . In this paper, we construct such a continuum X and an embedding of X × C in the plane, which gives a negative answer to Fugate's question. Moreover, we prove that for any ε > 0 there is a δ > 0 such that if p, q ∈ C are at distance < δ, then there is an ε-homeomorphism of the entire plane to itself which takes X × {p} to X × {q}.
Preliminaries
We refer the reader to [10] for basic definitions concerning continua. Denote by SEQ the set of finite sequences of zeros and ones, including the empty sequence ∅. If s ∈ SEQ, j ∈ {0, 1}, and n ∈ N ∪ {0}, then sj is the sequence obtained by adding a single j to the end of s, and s n is the restriction of s to n, i.e. the sequence consisting of the first n elements of s. By 0 n (respectively 1 n ) we mean the sequence consisting of n 0's (respectively n 1's).
We will identify the Cantor set C with the set of functions from N ∪ {0} to {0, 1}, with metric d given by d(y, z) = 2 −m , where m is the smallest integer such that y(m) ̸ = z(m). Given y ∈ C and n ∈ N ∪ {0}, denote by y n the restriction of y to n, which is an element of SEQ of length n.
We now recall some notation and terminology from [4] . Let Γ be the set of formal symbols {a, b, c} ∪ {b t : t ∈ [0, 1]}. By a graph, we mean an undirected connected graph without multiple edges joining the same pair of vertices, and without any edge from a vertex to itself. If G is a graph, V (G) denotes the set of vertices. A simple triod is a space consisting of three arcs which have one common endpoint, and are otherwise pairwise disjoint. All graphs considered in this paper will be simple triods, whose legs are divided into numerous edges. If T is a simple triod and p, q ∈ T , then [p, q] T denotes the arc in T with endpoints p and q (we may drop the subscript T when it ought to be clear from the context).
A graph-word (in the alphabet Γ) is a pair ρ = ⟨G ρ , w ρ ⟩ where G ρ is a graph, and w ρ : V (G ρ ) → Γ is a function.
For each positive integer N , denote by α N , β N , γ N the following three words: 
Definition. Given a simple triod T with branch point
Definition. Let ⟨Ω, d⟩ be a metric space, let T ⊆ Ω be a Γ-marked simple triod, let G ⊆ Ω be a graph, and let ε > 0.
In [4] it is proved that if a sequence of graphs G ρN n are embedded in the plane so that ρ Nn+1 is a ⟨G ρN n , ε n ⟩-sketch of G ρN n+1 for each n, where ε n → 0 fast enough, then the nested intersection of the ε n -neighborhoods of these graphs is a non-chainable simple triod-like (in particular, tree-like) continuum. Moreover, if N n → ∞, then this intersection has span zero. Since the concept of span is not relevant for the present result, we will omit the definition.
(1 + ε)-bi-Lipschitz maps and ε-maps
In this section we establish some basic results concerning (1 + ε)-bi-Lipschitz maps and ε-maps of the plane.
be a function, and let ε > 0.
•
Proof. Given any x ∈ R 2 , we have 
It is straightforward to see that there exists δ 0 > 0 small enough so that the following hold whenever f is a δ 0 -map:
Moreover, there exists δ 1 > 0 small enough so that the following holds whenever
Using the law of cosines and properties (ii), (iii), and (iv), we have
See figure 5 below for an illustration of a scenario satisfying the hypotheses of the next Lemma. 
. Then x and y can be joined by a piecewise straight line segment path with k ≤ n intermediate vertices
,t1 (here the superscripts are taken modulo n, and i + k ≡ j mod n). As in the proof of Lemma 2, we can choose δ > 0 small enough so that the lengths of these segments and the angles between them may change only very slightly under Φ. The remainder of the argument proceeds similarly to the proof of Lemma 2.
Uncountably many copies of X in the plane
We will need the following strengthening of Proposition 1 of [4] . By piecewiselinear, we mean composed of finitely many straight line segments. 
The general case can be treated similarly.
We recall the procedure described in [4] for constructing an embedding G of G ρ N near T such that ρ N is a ⟨T, ε⟩-sketch of G:
Step 1. In a small neighborhood in the plane of the ray (−∞, 1] in the real line, we embed the simple triod graph G ρN as depicted in Figure 1 (illustrated for the case N = 1; see also e.g. the black triod in Figure 4 for the case N = 2). Step 2. Consider the 8N + 4 arcs to the right of x = −1 (which are joined in pairs at the right to form 4N + 2 "V's"). These appear in 2N + 1 quadruples (or 2N + 1 pairs of "V's"). We take the i-th quadruple, and pull the center part of each arc up, so as to shape it along the path [ι(a), ι( Figure 2 (illustrated for the case N = 1).
Step 3. Take the bundle of arcs extending to the left of x = −1 and stretch and wind it counter-clockwise around the outside of the section in Figure 2 to the right of x = −1. Figure 3 depicts roughly how this wrapping looks.
The substance of this Proposition is summarized in Figure 4 , which indicates how we can manage Step 1 above with two disjoint copies of G ρN (illustrated for the case N = 2), then carry out Steps 2 and 3 with both copies simultaneously, obtaining two disjoint embeddings which can be moved to one another by a small map of the plane which is nearly an isometry. The remainder of the proof describes how to realize this precisely.
In the 
, and ι(c) ∈ A 3 . We will define an embedding G of G ρN inside the union of these quadrilaterals. Let δ > 0 be the number guaranteed by Lemma 3 for ε, and let N ≥ N 0 be large enough so that Figure 6 , where it is understood that the slope of the graph of f is always between (1 + δ)
Let f be the map built out of infinitely many copies of f 0 and a final section R on which f (s) > s, as depicted in Figure 7 , where the first (largest) copy of f 0 is properly scaled and positioned so that the marked points in this copy of f 0 in Figure 7 are precisely the points h
3 (ι(c)) each belong to the section R. Note that f is a (1 + δ)-bi-Lipschitz δ-map since f 0 is. Let Φ be defined as in Lemma 3, so that Φ is a (1 + ε)-bi-Lipschitz ε-map.
In a small neighborhood of each point h 
and choose two points a 2N 3 < a 2N 4 beyond the interior fixed point of the first copy of f 0 in f so that a itself by Φ in exactly the way indicated in Figure 4 , and therefore satisfies property (v).
Using Proposition 4, we now construct the desired embedding of X × C in R 2 . Fix a sequence of positive real numbers ⟨a n ⟩ ∞ n=0 such that ∑ ∞ n=m a n ≤ 2 −m for each m ≥ 0, and ∏ ∞ n=0 (1 + a n ) 2 ≤ 2. We will construct by recursion numbers ε n > 0, simple triods T s ⊂ R 2 , Γ-markings ι n of T 0 n , and maps Φ s,t of the plane such that Φ s,t (T s ) = T t , for n ≥ 0 and s, t ∈ SEQ of length n. Suppose ε n , T s , ι n , and Φ s,t have been defined for all s, t ∈ SEQ of length n. Let 0 < ε ′ n < ε n be small enough so that
for all s ∈ SEQ of length n. Apply Proposition 4 to obtain an integer N n+1 > N n , disjoint simple triods T 0 n 0 , T 0 n 1 , and a (1 + ε
where here the points p j , q j , and r refer to the vertices of T 0 n 0 considered as an embedding of the graph G ρN n+1 .
As in [4] , we define a Γ-marking ι n+1 : Γ → T 0 n 0 on T 0 n 0 as follows: define Observe that
and so Φ 0 n+1 ,s is a
Let ε n+1 < a n+1 be small enough so that for each s, t ∈ SEQ of length n + 1, we It was proved in [4] that X = X 0 is a non-chainable tree-like continuum (having span zero). Now define Φ y,z = lim n→∞ Φ y n,z n (pointwise). This is well defined by (3) and (4) . By (2), we have that Φ y,z is 2-bi-Lipschitz; in particular, it is a homeomorphism. Note that Φ y,z (X y ) = X z since Φ y n,z n (T y n ) = T z n for each n. Furthermore, by (5), we have that Φ y,z is a ( ∑ ∞ i=m ε i )-map; in particular, it is a 2 −m -map.
Questions
The construction presented in this paper has the property that every proper subcontinuum of the space X is an arc; hence, in particular, it is far from being hereditarily indecomposable. Moreover, as shown in [4] , X has span zero. It is unknown whether these properties are necessary: Regarding Question 1, we remark that the continua in Ingram's family from [6] are hereditarily indecomposable, but not mutually homeomorphic.
